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1. Introduction
Let C be the space of complex numbers z = x + iy; x, y ∈ R, and denote by ∂/∂z and ∂/∂z∗ the derivation with
respect to the variable z and its conjugate z∗, respectively; i.e.,
∂
∂z
= 1
2
(
∂
∂x
− i ∂
∂y
)
and
∂
∂z∗
= 1
2
(
∂
∂x
+ i ∂
∂y
)
.
For given fixed ν > 0 and ξ ∈ C, we set Sν,ξ = Sν,ξ (z) = νz+ξ and then consider the elliptic self-adjoint second-order
differential operator Lν,ξ given explicitly in complex coordinate z by
Lν,ξ := −14
{
4
∂2
∂z∂z∗
+ 2
(
Sν,ξ
∂
∂z
− S∗ν,ξ
∂
∂z∗
)
− |Sν,ξ |2
}
. (1.1)
Note that for ξ = 0, it gives rise to the special Hermite operator Lν (called also twisted Laplacian),
Lν = −14
{
4
∂2
∂z∂z∗
+ 2ν
(
z
∂
∂z
− z∗ ∂
∂z∗
)
− ν2|z|2
}
,
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constant magnetic field applied perpendicularly. The associated eigenfunctions are known to be expressible in terms
of the complex Hermite polynomials [2–4],
Hm,n
(
z, z∗
) := (−1)m+ne|z|2 ∂m+n
∂zn∂z∗m
e−|z|2 . (1.2)
Such polynomials form a complete orthogonal system of the Hilbert space L2(C; e−ν|z|2 dλ), where dλ being the
Lebesgue measure on C, and appear as an essential tool in many area of mathematics and physics. They have been
studied by many authors, notably by Shigekawa [3], Thangavelu [4], Wünsche [5,6], Dattoli [1] and more recently by
Intissar and Intissar [2].
Our aim in the present paper is to discuss some basic properties of a general class of complex polynomials
Gm,nν (z, z
∗|ξ) of Hermite type suggested by the Laplacian Lν,ξ such that the associated functions
gm,nν
(
z, z∗|ξ)= e− 12 z∗Sν,ξ Gm,nν (z, z∗|ξ),
are solutions of the eigenvalue problem Lν,ξψ = μψ , for ψ ∈ C∞(C) and μ ∈ C. More precisely, we show that
the involved polynomials satisfy the Rodriguez type formula (2.7) and can be expressed as binomial sum of the
complex Hermite polynomials (1.2), see identity (3.1). Other properties of these polynomials such as three-term
recursion relations and differential equations which they obey are obtained in Section 3. Also the generating function
as well as the explicit series expansion and representation by the means of the confluent hypergeometric function,
Laguerre and complex Hermite polynomials are derived (Section 4). Furthermore, the weak orthogonal property of
these polynomials is discussed and their norms are explicitly determined (Section 5). We conclude by giving some
new identities for the usual complex Hermite and Laguerre polynomials and by illustrating some obtained results
making use of matrix representation (Section 6).
2. A Rodriguez type formula forGm,nν (z, z∗|ξ)
In this section we introduce the polynomials Gm,nν (z, z∗|ξ) using a classical approach (see for instance [4]). For
fixed ν > 0 and ξ ∈ C, we denote by Aν,ξ and A∗ν,ξ the first-order differential operators given, respectively, by
Aν,ξ = ∂
∂z∗
+ 1
2
Sν,ξ and A∗ν,ξ = −
∂
∂z
+ 1
2
S∗ν,ξ ,
where Sν,ξ (z) = νz + ξ . Then, one check easily the following algebraic relationships:
Aν,ξA
∗
ν,ξ = Lν,ξ +
1
2
ν, A∗ν,ξAν,ξ = Lν,ξ −
1
2
ν. (2.1)
Hence, it can be shown that the null space of the operator Aν,ξ , i.e., ker(Aν,ξ ) = {ψ ∈ C∞(C); Aν,ξψ = 0}, coincides
with the eigenspace
E0(Lν,ξ ) :=
{
ψ ∈ C∞(C); Lν,ξψ = ν2ψ
}
,
and therefore the functions ψmν,ξ (z, z∗) given explicitly by
ψmν,ξ
(
z, z∗
) := zme− 12 z∗Sν,ξ = zme− 12 (ν|z|2+ξz∗); m = 0,1,2, . . . , (2.2)
span linearly E0(Lν,ξ ). Moreover, the functions
gm,nν
(
z, z∗|ξ) := [[A∗ν,ξ ]nψmν,ξ ](z, z∗) (2.3)
are eigenfunctions of Lν,ξ with (the Landau levels) ν(n + 12 ); n = 0,1,2, . . . , as corresponding eigenvalues. The
involved operator [A∗ν,ξ ]n is given by
[
A∗ν,ξ
]n
ϕ = (−1)ne 12 zS∗ν,ξ ∂
n
n
[
e
− 12 zS∗ν,ξ ϕ
]
.∂z
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gm,nν
(
z, z∗|ξ)= (−1)ne− 12 z∗Sν,ξ eν|z|2+e〈z,ξ〉 ∂n
∂zn
(
zme−ν|z|2−e〈z,ξ〉
) (2.4)
= (−1)ne− 12 z∗Sν,ξ eν|z|2+ ξ
∗
2 z
∂n
∂zn
(
zme−ν|z|2−
ξ∗
2 z
) (2.5)
and introduce Gm,nν (z, z∗|ξ) to be the polynomial of degree m in z and degree n in z∗ defined by
Gm,nν
(
z, z∗|ξ)= e 12 z∗Sν,ξ gm,nν (z, z∗|ξ)
= (−1)neν|z|2+ ξ
∗
2 z
∂n
∂zn
(
zme−ν|z|2−
ξ∗
2 z
)
. (2.6)
Thus, we have
Proposition 2.1. The polynomials Gm,n(z, z∗) satisfy the following Rodriguez type formula:
Gm,nν
(
z, z∗|ξ)= (−1)m+n
νm
eν|z|2+
ξ∗
2 z
∂m+n
∂zn∂z∗m
(
e−ν|z|2−
ξ∗
2 z
)
. (2.7)
The above expression can serve as definition for this class of complex polynomials of Hermite type.
Definition 2.2. We call Gm,nν (z, z∗|ξ) redefined by (2.7) generalized complex Hermite polynomials (GCHP).
Remark 2.3. For ξ = 0 and ν = 1, the polynomials Gm,n1 (z, z∗|0) reduce further to the complex Hermite polynomials
Hm,n(z, z∗) as given by (1.2).
3. Related basic properties
In this section we investigate some properties of the polynomials Gm,nν (z, z∗|ξ) introduced above. We begin with
the following
Proposition 3.1. The polynomials Gm,nν (z, z∗|ξ) satisfy the following identity:
Gm,nν
(
z, z∗|ξ)= n!√
ν
m
n∑
j=0
√
ν
j
j !
(ξ∗/2)n−j
(n − j)! H
m,j
(√
νz,
√
νz∗
)
. (3.1)
Proof. The proof of (3.1) relies essentially on (2.7). Indeed, it follows by rewriting the polynomial Gm,nν (z, z∗|ξ) as
Gm,nν
(
z, z∗|ξ)= (−1)m
νm
eν|z|2+
ξ∗
2 z
∂m
∂z∗m
((
νz∗ + ξ
∗
2
)n
e−ν|z|2−
ξ∗
2 z
)
= (−1)meν|z|2 ∂
m
∂z∗m
((
z∗ + ξ
∗
2ν
)n
e−ν|z|2
)
and next by making use of the binomial formula to expand (z∗ + ξ∗2ν )n. 
Furthermore, we have
Proposition 3.2. The polynomials Gm,nν (z, z∗|ξ) satisfy the following three-terms recursion relations:
Gm,n+1ν
(
z, z∗|ξ)= −mGm−1,nν (z, z∗|ξ)+
(
νz∗ + ξ
∗
2
)
Gm,nν
(
z, z∗|ξ), (3.2)
Gm+1,nν
(
z, z∗|ξ)= −nGm,n−1ν (z, z∗|ξ)+ zGm,nν (z, z∗|ξ). (3.3)
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∗
2 z∂n/∂zn to the both sides of the following elementary fact:
∂
∂z
(
zmea|z|2+bz
)= mzm−1ea|z|2+bz + (az∗ + b)zmea|z|2+bz
with a = −ν, b = −ξ/2, and the use of (2.7) one obtains (3.2).
Equation (3.3) holds by equating the right-hand sides of
2
∂
∂ξ∗
Gm,nν
(
z, z∗|ξ)= zGm,nν (z, z∗|ξ)− Gm+1,nν (z, z∗|ξ) (a)
and
2
∂
∂ξ∗
Gm,nν
(
z, z∗|ξ)= nGm,n−1ν (z, z∗|ξ). (b)
The fact (a) is obtained by differentiating both sides of the Rodriguez type formula (2.7) with respect to ξ∗. While
(b) can be handled from different ways, particularly by the use of the identity (3.1) or also from the generating
function (4.12) given below. 
Remark 3.3.
(i) Combination of (3.2) and (3.3) yields
(m − n)Gm,nν
(
z, z∗|ξ)= −zGm,n+1ν (z, z∗|ξ)+
(
νz∗ + ξ
∗
2
)
Gm+1,nν
(
z, z∗|ξ). (3.4)
From which we deduce
zGm,m+1ν
(
z, z∗|ξ)= (νz∗ + ξ∗
2
)
Gm+1,mν
(
z, z∗|ξ). (3.5)
(ii) By taking ξ = 0 and ν = 1 in the previous obtained recursion relations (3.2)–(3.5), one deduce the following ones
for the usual complex Hermite polynomials [6, equations in (2.9)]
Hm,n+1
(
z, z∗
)= z∗Hm,n(z, z∗)− mHm−1,n(z, z∗),
Hm+1,n
(
z, z∗
)= zHm,n(z, z∗)− nHm,n−1(z, z∗),
(m − n)Hm,n(z, z∗)= −zHm,n+1(z, z∗)+ z∗Hm+1,n(z, z∗),
zHm,m+1
(
z, z∗
)= z∗Hm+1,m(z, z∗).
Now, using (3.2) and (3.3), one can show that the polynomials Gm,nν (z, z∗|ξ) obey second and first-order differential
equations. Namely, we have
Proposition 3.4. The polynomials Gm,nν (z, z∗|ξ) are solutions of the following second-order differential equations:
− ∂
2
∂z∂z∗
+ νz ∂
∂z
= νm and − ∂
2
∂z∂z∗
+
(
νz∗ + ξ
∗
2
)
∂
∂z∗
= νn. (3.6)
Therefore, they satisfy the first-order differential equation
νz
∂
∂z
−
(
νz∗ + ξ
∗
2
)
∂
∂z∗
= ν(m − n). (3.7)
Proof. To get the first equation in (3.6), we differentiate (3.3) w.r.t. the variable z and next use the well-established
facts
∂
Gm+1,nν
(
z, z∗|ξ)= (m + 1)Gm,nν (z, z∗|ξ) (c)∂z
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nνGm,n−1ν
(
z, z∗|ξ)= ∂
∂z∗
Gm,nν
(
z, z∗|ξ). (d)
The second equation in (3.6) can be handled in a similar way making use of (3.2). It can also be obtained from the
fact that the functions
gm,nν
(
z, z∗|ξ)= e− 12 z∗Sν,ξ Gm,nν (z, z∗|ξ); m = 0,1,2, . . . , (3.8)
are eigenfunctions of the magnetic Schrödinger operator Lν,ξ given by (1.1) with ν(n + 12 ) as associated eigenval-
ues. 
Remark 3.5. From Eqs. (b) and (d), we deduce that
∂
∂z∗
Gm,nν
(
z, z∗|ξ)= 2ν ∂
∂ξ∗
Gm,nν
(
z, z∗|ξ). (3.9)
4. Expansion series and relationship to some special functions
We begin by realizing the polynomials Gm,nν (z, z∗|ξ) as iteration of the monomial zm via a first-order differential
operator. Precisely, we have
Proposition 4.1. The polynomials Gm,nν (z, z∗|ξ) are the excited states of zm by the first-order differential operator
− ∂
∂z
+ νz∗ + ξ∗2 . Precisely(
− ∂
∂z
+ νz∗ + ξ
∗
2
)n(
zm
)= Gm,nν (z, z∗|ξ). (4.1)
Proof. The above assertion follows by successive application of the following fact:(
− ∂
∂z
+ νz∗ + ξ
∗
2
)
Gj,kν
(
z, z∗|ξ)= Gj,k+1ν (z, z∗|ξ) (4.2)
with j = m and k = 0, keeping in mind that Gm,0ν (z, z∗|ξ) = zm. Note here that (4.2) is in fact equivalent to the
recursion relation (3.2) thanks to Eq. (c). 
Remark 4.2. The result (4.1) is similar to the one obtained in [2, Eq. (2.2)] for the complex Hermite polynomi-
als Hm,n(z, z∗).
Therefore, for every positive integers m,n, we deduce easily from (4.1) (or also (2.7)) that
Gm,0ν
(
z, z∗|ξ)= zm, (4.3)
G0,nν
(
z, z∗|ξ)= (νz∗ + ξ∗
2
)n
. (4.4)
Also for every given integers m 1 and n 1, one obtain
Gm,1ν
(
z, z∗|ξ)= zm−1[z(νz∗ + ξ∗
2
)
− m
]
, (4.5)
G1,nν
(
z, z∗|ξ)= (νz∗ + ξ∗
2
)n−1[
z
(
νz∗ + ξ
∗
2
)
− n
]
. (4.6)
More generally, the expansion series of the GCHP is given by
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Gm,nν
(
z, z∗|ξ)= m!n!mn∑
j=0
(−1)j
j !
zm−j
(m − j)!
(νz∗ + ξ∗2 )n−j
(n − j)! (4.7)
= m!n!νn
mn∑
j=0
n−j∑
k=0
(−1/ν)j
j !
zm−j
(m − j)!
z∗k
k!
(ξ∗/2ν)n−j−k
(n − j − k)! (4.8)
which we rewrite also as
Gm,nν
(
z, z∗|ξ)= (−1)mm!n! νn
νm
m∑
l=m−(mn)
l+n−m∑
k=0
(−ν)l
(m − l)!
zl
l!
z∗k
k!
(ξ∗/2ν)n−m+l−k
(n − m + l − k)! . (4.9)
Proof. Such expansion series can be obtained by direct computation using (4.1) or also (2.6) together with the appli-
cation of the Leibnitz formula for the nth derivative of a product. 
Remark 4.4. The monomial of the lowest degree in the expansion above of Gm,nν (z, z∗|ξ) is
(−1)mn (muprise n)!|m − n|!
(
ξ∗
2
)n−(mn)
zm−(mn),
where muprise n denotes the maximum of m and n, so that the analogue of the Hermite numbers for these polynomials
are
Gm,nν (0,0|ξ) =
⎧⎪⎨
⎪⎩
0 if m > n,
(−1)mm! if m = n,
(−1)mn! (ξ∗/2)n−m
(n−m)! if n > m.
(4.10)
We conclude this section by pointing out, from (4.7), that the polynomials Gm,nν (z, z∗|ξ) are linked to the complex
Hermite polynomials by
Gm,nν
(
z, z∗|ξ)= Hm,n(z, νz∗ + ξ∗
2
)
= hm,n
(
z, νz∗ + ξ
∗
2
|−1
)
, (4.11)
where the notation hm,n(z, z∗|τ) is used by Dattoli in [1] to mean
hm,n
(
z, z∗|τ) := m!n!mn∑
j=0
τ j
j !
zm−j
(m − j)!
z∗n−j
(n − j)! .
We should note here that the most established properties of the polynomials Gm,nν (z, z∗|ξ) can be deduced formally
by replacing z∗ by νz∗ + ξ∗2 in the different known properties of Hm,n(z, z∗) = hm,n(z, z∗|−1). But in general there
is no reason to the obtained results be a strict consequence of the prescription z∗ νz∗ + ξ∗2 . Nevertheless, one can
deduce from [1, Eq. (31)] the following generating function, which can be handled directly using the Taylor expansion
series of the function on the right-hand side.
Proposition 4.5. We have
∞∑
m=0
∞∑
n=0
um
m!
vn
n! G
m,n
ν
(
z, z∗|ξ)= euz+v(νz∗+ ξ∗2 )−uv. (4.12)
Furthermore, using the dependence (4.11) (or Eq. (4.1)) together with the fact [2, Eq. (2.3)], one can check that the
Gm,nν (z, z
∗|ξ) can be written also in terms of the confluent hypergeometric function 1F1(a; c;x),
1F1(a; c;x) = 	(c)
	(a)
∞∑
k=0
	(a + j)
	(a + j)
xj
j !
as follows
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Gm,nν
(
z, z∗|ξ)= (−1)mn(m n)!|m − n|! z(muprisen)−n
(
νz∗ + ξ
∗
2
)(muprisen)−m
× 1F1
(
−(m n); |m − n| + 1;ν|z|2 + ξ
∗
2
z
)
. (4.13)
Remark 4.7. Using the known fact
1F1(−s; c + 1;x) = 	(s + 1)	(c + 1)
	(s + c + 1) L
c
s(x), s = 0,1,2, . . . ,
one can express the polynomials Gm,nν (z, z∗|ξ) in terms of the Laguerre polynomials Lcs(x) as
Gm,nν
(
z, z∗|ξ)= (−1)mn(m n)!z(muprisen)−n(νz∗ + ξ∗
2
)(muprisen)−m
L
|m−n|
mn
(
ν|z|2 + ξ
∗
2
z
)
. (4.14)
5. Weak orthogonality
Denote by dλ the Lebesgue measure on C. Let ω be a positive weighting function on C and define 〈f,g〉ω by
〈f,g〉ω :=
∫
C
f (z)
[
g(z)
]∗
ω(z)dλ(z). (5.1)
Then, we state
Proposition 5.1. Suppose that the system {Gm,n := Gm,nν (·, ·|ξ)}∞n=0 satisfies the weak orthogonal property〈
Gm,n,Gj,k
〉
ω
= 0, whenever n 	= k. (5.2)
Then the following identities hold:〈
zGm,n,Gj,k
〉
ω
= 0; k 	= n and k 	= n − 1, (5.3)〈
zGm,n,Gj,n
〉
ω
= 〈Gm+1,n,Gj,n〉
ω
, (5.4)〈
zGm,n+1,Gj,n
〉
ω
= (n + 1)〈Gm,n,Gj,n〉
ω
. (5.5)
Remark 5.2. Note that one obtains by conjugation similar identities to (5.3)–(5.5) with z∗ instead of z.
Proof of Proposition 5.1. By multiplying both sides of the three-term recursion relation (3.3),
Gm+1,n
(
z, z∗|ξ)= zGm,n(z, z∗|ξ)− nGm,n−1(z, z∗|ξ),
by [Gj,k]∗ and integrating over the whole C w.r.t. ωdλ, we get〈
Gm+1,n,Gj,k
〉
ω
= 〈zGm,n,Gj,k 〉
ω
− n〈Gm,n−1,Gj,k 〉
ω
. (5.6)
Next, using the weak orthogonality assumption (5.2), together with (5.6), we deduce easily the first one (5.3). Identi-
ties (5.4) and (5.5) are obtained by taking, respectively, k = n and k = n − 1 in (5.6) and applying again (5.2). 
Thus, making use of the recursion relation (3.2) as well as of the above obtained identities, under the assump-
tion (5.2), one gets the following:
ν
〈
Gm,n,Gj+1,n
〉
ω
+ ξ
∗
2
〈
Gm,n,Gj,n
〉
ω
= m〈Gm−1,n,Gj,n〉
ω
, (5.7)
ν
〈
z∗Gm,n,Gj,n+1
〉
ω
= 〈Gm,n+1,Gj,n+1〉
ω
, (5.8)
ν(n + 1)〈Gm,n,Gj,n〉 = 〈Gm,n+1,Gj,n+1〉 . (5.9)
ω ω
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we have
Proposition 5.3. Assume the weak orthogonality assumption (5.2) to be satisfied by {Gm,n := Gm,nν (·, ·|ξ)}∞n=0. Then
we have
(i) ∥∥Gm,n+1∥∥2
ω
= νn+1(n + 1)!∥∥Gm,0∥∥2
ω
. (5.10)
(ii) ξ
∗
2
〈
Gm,n,Gm−1,n
〉
ω
= νnn!(m∥∥Gm−1,0∥∥2
ω
− ν∥∥Gm,0∥∥2
ω
)
. (5.11)
(iii) The considered system is orthogonal if and only if ξ = 0.
Proof. Putting j = m in (5.9) infers
ν(n + 1)∥∥Gm,n∥∥2
ω
= ∥∥Gm,n+1∥∥2
ω
.
Hence repeated application of the previous fact yields
∥∥Gm,n+1∥∥2
ω
= νl+1(n + 1)n · · · (n + 1 − l)∥∥Gm,n−l∥∥2
ω
for every positive integer l  n. In particular for l = n we get the asserted result (5.10). While the result (5.11) in (ii)
holds by substitution of (5.10) in
ν
∥∥Gm,n∥∥2
ω
+ ξ
∗
2
〈
Gm,n,Gm−1,n
〉
ω
= m∥∥Gm−1,n∥∥2
ω
, (5.12)
that follows from (5.7) for the specified value j = m − 1.
For (iii) suppose that {Gm,n}∞m,n=0 is orthogonal, i.e., 〈Gm,n,Gj,k〉ω = 0 whenever m 	= j or n 	= k. Then (5.7)
reduces further for j = m to ξ∗2 ‖Gm,n‖2ω = 0, and therefore ξ = 0. The converse is obvious, indeed for ξ = 0, the
polynomials Gm,n reduce to the complex Hermite polynomials Hm,n which are known to form an orthogonal system
w.r.t. the Gaussian measure e−ν|z|2 dλ. 
Remark 5.4. According to the classical fact that eigenfunctions associated to different eigenvalues of a Hermitian
operator are orthogonal, we conclude from (3.8) that for every fixed positive integer m the set {Gm,nν (·, ·|ξ)}∞n=0
is orthogonal w.r.t. the weighting function ω(z) = e−e〈z,Sν,ξ 〉. Hence, the weak orthogonality assumption (5.2) is
satisfied and therefore related identities (5.2)–(5.11) hold.
Now, let denote by ‖ ‖ν,ξ the norm corresponding to ω(z) = e−e〈z,Sν,ξ 〉. We then assert
Proposition 5.5. The norm of the GCHP, Gm,n, w.r.t. ‖ ‖ν,ξ is given explicitly by
∥∥Gm,n∥∥2
ν,ξ
= m!n!π ν
n
νm+1
F
(
m + 1;1; |ξ |
2
4ν
)
, (5.13)
where F(a; c;x) denotes the usual confluent hypergeometric function.
Proof. The result in such proposition is a particular case of the following lemma, whose the proof can be handled by
straightforward computation. 
Lemma 5.6. Let Cνm,j (ξ) stands for
Cνm,j (ξ) :=
(−1)m+j max(m, j)!π
max(m,j)+1 |m−j | ξ
max(m,j)−j ξ∗max(m,j)−m.ν 2 (|m − j |)!
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〈
Gm,0ν ,G
j,0
ν
〉
ν,ξ
=
∫
C
zmz∗j e−ν|z|2−e〈z,ξ〉 dλ(z)
= Cνm,j (ξ)F
(
1 + max(m, j);1 + |m − j |; |ξ |
2
4ν
)
. (5.14)
Remark 5.7.
(i) For the particular case of ν = 1 and ξ = 0, we recover from (5.13) the known fact that ‖Hm,n‖2 = m!n!π for the
complex Hermite polynomials [2].
(ii) By combining (5.13) and (5.11), we conclude that
〈
Gm,n,Gm−1,n
〉
ν,ξ
= 2m!n!πν
n
ξ∗νm
(
F
(
m;1; |ξ |
2
4ν
)
− F
(
m + 1;1; |ξ |
2
4ν
))
. (5.15)
(iii) The explicit expression of 〈Gm,0ν ,Gj,0ν 〉ν,ξ , given through (5.14), proves (again) that the family {Gm,nν (·,·|ξ)}∞m,n=0
is not orthogonal w.r.t. e−e〈z,Sν,ξ 〉 dλ.
6. Concluding remarks
6.1. Additional identities for complex Hermite and Laguerre polynomials
We begin with the following for complex Hermite polynomials:
Hm,n
(
z, νz∗ + ξ
∗
2
)
= (−1)
(mn)n!√
ν
m
n∑
j=0
√
ν
j
j !
(ξ∗/2)n−j
(n − j)! H
m,j
(√
νz,
√
νz∗
) (6.1)
which follows from (3.1) and (4.11). It yields in particular the following one:
Hm,n
(
z, z∗ + 1)= (−1)mn n∑
j=0
n!
j !(n − j)!H
m,j
(
z, z∗
)
. (6.2)
An other identity that can we derive for Laguerre polynomials is
L
|m−n|
mn
(
z
(
νz∗ + ξ
∗
2
))
= (−1)
(mn)n!√
ν
m
(m n)!z
(n−m)0
(
νz∗ + ξ
∗
2
)(m−n)0
×
n∑
j=0
√
ν
j
j !
(ξ∗/2)n−j
(n − j)! H
m,j
(√
νz,
√
νz∗
)
. (6.3)
It follows from (4.14) combined with (3.1), and gives rise in particular to
Lm−nn
(
zz∗ + z)= (−1)nzn−m n∑
j=0
Hm,j (z, z∗)
j !(n − j)! (6.4)
for m n and
Ln−mm
(
zz∗ + z)= (−1)m n!
m!
(
z∗ + 1)m−n n∑
j=0
Hm,j (z, z∗)
j !(n − j)! (6.5)
for nm.
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n!(z∗ + 1)m−n n∑
j=0
Hm,j (z, z∗)
j !(n − j)! = m!z
m−n
m∑
j=0
Hn,j (z, z∗)
j !(m − j)! , (6.6)
where we have assuming m n.
6.2. Illustration: Matrix representation
Here we illustrate some obtained results making use of the matrix representation of a polynomial
Pm,n
(
z, z∗
)= m,n∑
j,k=0
pjkz
j z∗k
of degree m in z and degree n in z∗. Thus the entries of the matrix representing Pm,n(z, z∗) are the coefficients pjk
(corresponding to the monomial zj z∗k) in such expansion, i.e.,
Pm,n
(
z, z∗
)=
1
z
...
zm
1 z∗ · · · z∗n⎛
⎜⎜⎜⎜⎝
p00 p01 · · · p0n
p10 p11 · · · p1n
...
...
...
pm0 pm1 · · · pmn
⎞
⎟⎟⎟⎟⎠
.
In the sequel we consider only the polynomials Gm,nν (z, z∗|ξ) with m = n, so that one deals with square matrices. In
this case the polynomials Gm,mν (z, z∗|ξ) reduce further to
Gm,mν
(
z, z∗|ξ)= (−1)m(m!)2 m∑
l=0
l∑
k=0
(−ν)l
l!(m − l)!
(
ξ∗
2ν z)
l−k
(l − k)!
|z|2k
k! , (6.7)
and one asserts that the monomials z∗j |z|2k , j 	= 0, do not appear in the expansion. Hence Gm,mν (z, z∗|ξ) are repre-
sented by triangular square matrices [glk(ξ∗)]l,k=0,1,...,m, whose entries glk(ξ∗) are given by
glk
(
ξ∗
)= (−1)m(m!)2 { (−1)lνkl!(m−l)!k!(l−k)! ( ξ∗2 )l−k if k  l,
0 if k > l.
Furthermore, one can remark that the complex Hermite polynomials Hm,k(
√
νz,
√
νz∗), k = m,m − 1, . . . ,0, up to a
precise multiplicative constant Cm,k(ξ∗), are, respectively, the successive diagonals of the polynomial Gm,mν (z, z∗|ξ).
In fact this observation is contained in the formula (3.1). For illustration, we consider the case where ν = 1 and ξ = 2
for which (3.1) reads simply as
Gm,m1
(
z, z∗|2)= m∑
k=0
m!
k!(m − k)! · H
m,k
(
z, z∗
)
. (6.8)
Added to G0,01 (z, z
∗|2) = (1) the first few of these polynomials are given by
G2,21
(
z, z∗|2)
(
−1 0
1 1
)
,
G2,21
(
z, z∗|2)
⎛
⎜⎝
2 0 0
−4 −4 0
1 2 1
⎞
⎟⎠ and
G3,31
(
z, z∗|2)
⎛
⎜⎜⎜⎜⎝
−6 0 0 0
18 18 0 0
−9 −18 −9 0
1 3 3 1
⎞
⎟⎟⎟⎟⎠ .
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H 1,1
(
z, z∗
)
(
−1 0
0 1
)
,
H 2,2
(
z, z∗
)
⎛
⎜⎝
2 0 0
0 −4 0
0 0 1
⎞
⎟⎠ and
H 3,3
(
z, z∗
)
⎛
⎜⎜⎜⎜⎝
−6 0 0 0
0 18 0 0
0 0 −9 0
0 0 0 1
⎞
⎟⎟⎟⎟⎠ .
Hence, the complex Hermite polynomial Hm,m(z, z∗) appears as the principal diagonal of its analogue Gm,m1 (z, z∗|2)
(which also is the first column in such matrix representation). Indeed,
Diag
[
Gm,m1
(
z, z∗|2)]= (−1)m(m!)2(hkk = (−1)k
(k!)2(m − k)!
)
k=0,1,...,m
= Hm,m(z, z∗).
This can be deduced also from (6.8). Further, one notes, when taking m = 3 for example, that added to 1 ·H 3,3(z, z∗)
given above, we have
3 · H 3,2(z, z∗)
⎛
⎜⎜⎜⎝
0 0 0 0
18 0 0 0
0 −18 0 0
0 0 3 0
⎞
⎟⎟⎟⎠,
3 · H 3,1(z, z∗)
⎛
⎜⎜⎜⎝
0 0 0 0
0 0 0 0
−9 0 0 0
0 3 0 0
⎞
⎟⎟⎟⎠,
1 · H 3,0(z, z∗)
⎛
⎜⎜⎜⎝
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
⎞
⎟⎟⎟⎠
and therefore the complex Hermite polynomials H 3,k(z, z∗), k = 3,2,1,0, are, respectively, the successive diagonals
of the polynomial G3,31 (z, z
∗|2).
An other fact to be signaled here is linked to the established fact in Eq. (b),
∂
∂ξ∗
Gm,nν
(
z, z∗|ξ)= n
2
Gm,n−1ν
(
z, z∗|ξ),
which can be used to obtain Gm,m−1ν (z, z∗|ξ) from Gm,mν (z, z∗|ξ) (and in general Gm,n−1ν (z, z∗|ξ) from Gm,nν (z, z∗|ξ)).
It is more practicable than Eq. (d) when the matrix representation is used. Indeed, we have the following prescription:
by dropping the last column of Gm,nν (z, z∗|ξ) and next differentiating all the entries of the obtained matrix w.r.t. ξ∗,
we get the matrix representing (m/2)Gm,m−1ν (z, z∗|ξ). For illustration, we take for example m = 4. The sum of the
complex Hermite polynomials Hm,k(
√
νz,
√
νz∗), k = 4,3,2,1,0, according to (3.1), infers the GCHP G4,4ν (z, z∗|ξ)
given by
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
24 0 0 0 0
−96( ξ∗2 ) −96ν 0 0 0
72( ξ
∗
2 )
2
144ν( ξ
∗
2 ) 72ν
2 0 0
−16( ξ∗2 )3 −48ν( ξ
∗
2 )
2 −48ν2( ξ∗2 ) −16ν3 0
ξ∗ 4 ξ∗ 3 2 ξ∗ 2 3 ξ∗ 4
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠( 2 ) 4ν( 2 ) 6ν ( 2 ) 4ν ( 2 ) ν
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∂ξ∗ G
4,4
ν (z, z
∗|ξ) = 42 · G4,3ν (z, z∗|ξ)) we get
G4,3ν
(
z, z∗|ξ)=
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
0 0 0 0
−24 0 0 0
36( ξ
∗
2 ) 36ν 0 0
−12( ξ∗2 )
2 −24ν( ξ∗2 ) −12ν2 0
(
ξ∗
2 )
3
3ν( ξ
∗
2 )
2
3ν2( ξ
∗
2 ) ν
3
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
.
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